We find a robust and simple solution for the problem of probe laser light shifts in two-photon optical atomic clocks. We show that there exists a magic polarization at which the differential polarizability for the two atomic states involved in the clock transition is zero. We determine the differential polarizability as a function of laser polarization for two-photon optical clocks based on neutral calcium and strontium, estimate the magic polarization angle for these clocks, and determine the extent to which probe laser light shifts can be suppressed.
Optical clocks have reached an unprecedented level of accuracy, approaching fractional uncertainties of 10 −18 [1] [2] [3] [4] [5] [6] [7] [8] . These clocks offer powerful tools for precision measurements and tests of fundamental physics [9, 10] , such as searches for dark matter and dark energy [11] , or low-frequency gravitational wave detection [12] [13] [14] . Optical clocks can also be used for geodetic surveys of the earth's gravitational potential [8, 15, 16] . Accurate optical atomic clocks are also an essential component of the new SI system of units, where the measurement of almost every physical quantity is ultimately related to the accurate measurement of frequency [17, 18] .
Careful control of systematic effects is necessary to achieve such high levels of accuracy. An important and generic systematic in optical clocks is the light shifta shift in the resonance frequency of the atoms due to off-resonant light. For example, one source of light shifts in optical lattice atomic clocks is the lattice laser which must remain on during the measurement. These shifts are usually controlled by choosing a "magic wavelength" for which the light shifts of the clock ground and excited states are equal [19] . This ensures that the relative energy difference between the two levels is unaffected by the optical lattice, therefore making the clock less sensitive to fluctuations in laser intensity.
In addition to light shifts from trapping lasers, nearly all optical clocks suffer from light shifts due to the probe laser itself to some extent, because they all rely on forbidden atomic transitions. This necessitates careful stabilization of the probe laser intensity, or sophisticated measurement protocols such as hyper-Ramsey schemes [5, [20] [21] [22] , autobalanced Ramsey spectroscopy [23] , or displaced frequency-jump Ramsey spectroscopy [24] in order to suppress the light shift.
Here we consider two-photon optical clocks [25] . Twophoton clocks using rubidium [26] [27] [28] [29] [30] [31] [32] , xenon [33, 34] and silver [35, 36] have been successfully operated, and clocks using calcium [12, 25] , and strontium [25, 37] have been proposed. Two-photon optical transitions can be driven using two counter-propagating laser beams at the same frequency, which makes the interrogation of the clock transition insensitive to first-order Doppler shifts and photon recoil shifts [25] . This offers an attractive path to a compact, field-portable optical clock that does not require strong cooling and confinement, and therefore has a simplified architecture. However, the systematic frequency shifts in such clocks is dominated by the light shift due to the probe laser, because of the relatively large laser intensities that are needed to drive the transition (cf. [31, 32] ). In this paper we show that the light shifts due to the probe laser in two-photon optical clocks can be nulled by a specific choice of the laser polarization.
The term "magic polarization" has been used in the context of reducing line broadening and increasing coherence times of hyperfine transitions in alkali atoms [38] , and improving the efficiency of Doppler cooling of a trapped gas [39] . It has also been shown that the degree of circular polarization can be used to mitigate the effects of differential hyperpolarizability in optical lattice clocks [40] . Here we use "magic polarization" to refer to a particular polarization of the probe laser light for which the differential dynamic polarizability of the two clock states is zero. We find this magic polarization for calcium and strontium two-photon optical clocks by calculating the dynamic polarizabilities of the clock states. We show that the probe laser light shifts can be hugely suppressed, and the fractional frequency uncertainty due to the light shift reduced below 10 −18 , using a robust method that is simple to implement.
The light shift of an atomic energy level due to the electric dipole (E1) interaction is given by
2 , where α k is the dynamic polarizability of the atomic state |k , E is the electric field amplitude and ω is the frequency of the electric field. The polarizability α k (ω) depends on both the frequency and the polarization of the electric field. The polarizability of a state k can be calculated to leading order in perturbation theory as
where D is the E1 interaction operator d · E and E k , E j represent the unperturbed energies of states |k , |j respectively. The electric dipole operator d is a linear combination, depending on the electric field polarization, of three rank-1 spherical tensor operators. For an atom with quantization axisẑ and an electric field propagating in theŷ direction, the electric field is E = E 0ˆ = E 0 (ξ zẑ + ξ xx ), whereˆ is the polarization vector and
) is the differential polarizability between the ground and excited clock states, and ω 0 is the frequency of the probe laser.
The matrix elements in Eq. (1) can be calculated from the reduced matrix elements J k ||D||J i , which can in turn be related to experimentally determined oscillator strengths f ik using the relation [41] 
where gf is the symmetric oscillator strength, f ik is the non-symmetric oscillator strength, and
Energy levels and oscillator strengths for transitions relevant to the calculation of dynamic polarizabilities are available both from experimental data and ab initio theoretical calculations. In calculating the clock state polarizabilities for rubidium, calcium, and strontium twophoton optical clocks, energies and oscillator strengths from the NIST Atomic Spectra Database [42] and other published sources [43] [44] [45] [46] were used.
The energy level differences in these atoms are known to better than 10 −5 , and therefore do not contribute significantly to the uncertainty in the polarizability. The uncertainty is instead dominated by the oscillator strengths. The sum in Eq. (1) is usually well approximated by only a handful of terms that represent atomic levels |i which couple strongly to the state |k and are close in energy. We found that including more than ∼10 leading terms to the sum in Eq. (1) only affected the polarizability by ∼ 0.1%. In order to estimate the accuracy of the oscillator strengths used as inputs for our magic polarization calculations, we compared the polarizabilities of some reference states against previously published results, as summarized in Table I . For all of these cases, our calculations reproduced the published values reasonably well, indicating that the oscillator strengths of the important transitions are accurate to better than 10%.
The atomic level structures relevant to two-photon optical clocks in neutral calcium and strontium are shown in Fig. 1 . The strong dipole-allowed 1 S 0 − 1 P 1 cycling transitions are convenient for laser cooling the atoms, in order to increase the interrogation time and reduce the second-order Doppler shift [12, 25] . The two-photon clock states are the ground 1 S 0 state and the excited 1 D 2 , m J = 0 state. The transition between these states is also insensitive to the first-order Zeeman shift. The 1 S 0 − 1 D 2 two-photon clock transition is probed using two laser beams with identical frequencies, but oppositely directed wavevectors. In all the calculations, the quantization axis was assumed to be defined by a small magnetic field in theẑ direction, and the probe laser was considered to propagate along theŷ direction. The ground and excited clock states are hereafter denoted as |g and |e .
The dynamic polarizabilities calculated for calcium and strontium, in atomic units, as a function of ω are shown in Fig. 2. (In atomic units, a polarizability of 1 is equal to 4π 0 a 3 0 C · m 2 /V where 0 is the permittivity of free space and a 0 is the Bohr radius.) At the clock transition frequency, the differential polarizability between |g and |e (which is proportional to the light shift of the clock transition) is shown as a function of probe laser linear polarization angle in Fig. 3 . Both calcium and strontium two-photon clocks possess a magic polarization at which the differential polarizability is zero. This feature is generic, and we verified that the existence of a magic polarization angle is not affected by ±10% changes in a variety of oscillator strength values.
The existence of a magic polarization in calcium and strontium is related to the light shift of |e . (The light shift of |g is independent of the polarization angle, and has positive sign at the two-photon clock transition frequency.) The odd-parity state that is closest in energy to |e is the 3d4p (4d5p) , m J = 0 transition does not contribute to the polarizability due to angular momentum conservation. The light shift for z-polarization is then determined by other higher-lying odd-parity states, for which the probe laser is red-detuned at two-photon resonance, resulting in a positive polarizability (that exceeds the polarizability of |g ). Between pure z-and pure xpolarization therefore, there is generically a magic polarization angle at which the ground and excited clock states have identical light shifts.
(In passing, we note that we also performed calculations for rubidium two-photon clocks operating on the 778 nm 5S 1/2 − 5D 3/2,5/2 clock transitions, but did not find a magic polarization angle for degenerate two-photon excitation. This is related to the fact that the polarizability of the excited 5D J clock states, which dominates the differential polarizability, is large and negative for all polarizations of the probe laser.)
For the case considered here, where the clock laser propagates perpendicular to the quantization axis, the differential polarizability does not depend on the ellipticity of the probe laser polarization. As a result the magic polarization angle is robust against any phase differences between thex andẑ components of the laser polarization, such as might be accrued in propagation through birefringent optical components (e.g., vacuum viewports). This fact is evident in Fig. 4 where the differential polarizability is plotted on the Poincaré sphere.
For both calcium and strontium the light shift, in the On the sphere, the polarizability is cylindrically symmetric around the axis connecting x-polarization to z-polarization. The magic polarization angle corresponds to the band with zero differential polarizability.
vicinity of the magic angle θ 0 , depends on the polarization angle θ as δω ls = κ(θ − θ 0 ), with the shift coefficient κ ≈ -3 Hz/(W/cm 2 )/rad. Typical probe laser intensities for the calcium and strontium two-photon transitions are expected to be ∼ 1 W/cm 2 . With its polarization set to within 1 mrad of θ 0 over the atomic ensemble (easily accomplished with standard optical components), it is sufficient to stabilize the probe laser intensity to 1 part in 10 4 to ensure that the systematic error due to the light shift is below 10 −18 . In summary, we have described a magic polarization scheme for radically suppressing probe laser light shifts in two-photon optical clocks. Setting the probe laser to a magic polarization angle is sufficient to essentially eliminate light shifts for calcium and strontium two-photon clock transitions, opening up a path to compact and portable optical clocks based on simple two-photon transitions. This method of light shift cancellation may also be useful in other precision measurements operating on highly forbidden atomic and molecular transitions.
